Abstract-The finite element method/boundary element method (FEM/BEM) computation model applied to surface acoustic wave devices requires the solution of a large linear system for each frequency point. An asymptotic waveform evaluation technique is used to obtain an approximate solution of the linear system that is valid over a large frequency bandwidth. The approximate solution was shown to be very accurate and vastly reduces the computation time.
I. Introduction
T he combination of the finite element method (FEM) and the boundary element method (BEM) for the simulation of surface acoustic wave (SAW) devices has been used by many authors [1] - [6] . Although the FEM/BEM method only applies to infinite periodic interdigital transducers (IDTs), and, thus, is only an approximation of a real finite SAW device, its high degree of accuracy and reasonable computational burden have made it the basis of most advanced SAW parameter extraction codes [3] , [6] - [8] . Ventura et al. [8] have especially deeply optimized the FEM/BEM method by analytically integrating the asymptotic contributions of the spectral surface Green's function. It also has been used as a mathematical tool for the identification of the modes guided by the interface between a piezoelectric substrate and high aspect ratio metallic electrodes [9] , and for the analysis of surface waves propagating obliquely in IDTs [10] , [11] .
The FEM/BEM method relies on an integral representation of the substrate surface assuming a semi-infinite medium through the spectral Green's function that relates the surface displacements to the surface stresses via a convolution operation, the BEM part, connected through a discrete formulation to the diffracting elements in the structure (i.e., the electrodes), which are treated acoustically by the FEM. The main output of the FEM/BEM is the harmonic admittance [12] , a generalization of the strip admittance [13] , [14] . The FEM/BEM is a spectral method. Although the spectral Green's function of a semiinfinite substrate does not depend on frequency, the FEM problem for the electrodes has to be solved for every frequency point. In practice, it turns out that this last computation becomes the main burden, especially if many frequency points are required as is almost always the case for the high quality-factor SAW resonators that are the basis of most SAW devices.
The purpose of this paper is to introduce an approximation method that requires the solution of the FEM problem only for the central frequency of the bandwidth of interest. This approximation method belongs to the larger class of asymptotic waveform evaluation (AWE) methods [15] - [18] , although it is here derived analytically from the particular form of the FEM problem. In particular, the ability of AWE methods to handle poles is not used. In Section II, the FEM/BEM method used is summarized briefly. The approximation method is derived in Section III. A computation example is given in Section IV, and the results are discussed. Section V is the conclusion.
II. FEM/BEM Method
The definitions of the axes and the considered geometry are given in Fig. 1 . The structure is composed of a semiinfinite piezoelectric substrate extending in the half-space x 2 < 0, whose surface supports a periodic infinite metal strip grating. The grating electrodes are parallel to axis x 3 , centered at x 1 = np, where n is the electrode index and p is the grating period. The width of the electrodes is denoted by a, so that a/p is the metalization ratio. The electrodes are assumed to be long enough along x 3 that any dependence in x 3 can be omitted in the following equations. All considered fields are supposed to exhibit a time depen-dence exp(jwt), where j is the imaginary constant and ω is the angular frequency.
An harmonic excitation is assumed to be applied to the infinite periodic grating, yielding the following form for the driving potential applied to the grating electrodes [12] - [14] :
where γ is the characteristic parameter of the harmonic excitation. The alternating potential +V , −V usually considered for a practical electrical excitation corresponds to γ = 1/2. For such an harmonic excitation, it has been shown that the electrode currents have the same dependence as their voltages [4] and that the ratio Y = I n (γ)/V n (γ) does not depend on the actual number n of the electrode. It is the so-called harmonic admittance (HA) [12] . The determination of the grating harmonic admittance has been the main goal of many theoretical and numerical works; we use in this paper the method due to Ventura et al. [4] , [8] . Considering the harmonic excitation of (1), only one period of the infinite grating has to be considered in the analysis, and the convolution relation can be written:
where
ij is the periodic Green's function defined as:
In (2), u i and t j2 are, respectively, the components of the generalized surface displacement and stress, and u 4 and t 42 are, respectively, the surface electrical potential φ and the surface charge density Q, i.e., the difference between the normal component of the electrical displacement in a vacuum and in the substrate.Ĝ ij is the Fourier transform of the surface Green's function, i.e., the spectral Green's function. Its expression for an arbitrary piezoelectric material can be found, for instance, in [12] .
As proposed by several authors [4] , [20] , a Chebyshev polynomial expansion of the electromechanical fields is inserted in (2) as:
where the expansion is only applied at the interface Γ between the substrate and the electrode (|x 1 | < a/2) and x = 2x 1 /a. In (4)- (7), the electrode is assumed to be symmetric and centered at the origin, extending along x 1 from −a/2 to a/2, and T m represents the Chebyshev polyno-
is the vector of the Chebyshev expansion coefficients for the considered function f . In addition to (6) and (7), it is assumed that the stress t 2 and electrical charge Q are zero in between the electrodes. By inserting (3)- (7) into (2), the following equation relating the Chebyshev expansion coefficients can be obtained for the electromechanical behavior of the substrate [4] , [8] :
Although an infinitely thin electrode can be assumed for the electrical behavior of the metal, it has been shown that the mechanical (acoustic) contribution of the strip must be taken into account [21] and is here modeled using FEM. The result of the FEM analysis, projected onto the Chebyshev polynomial expansion, can be symbolically written as [4] , [8] :
where K − ω 2 M Γ is the usual finite element factorization matrix, where the subscript Γ indicates that it is restricted to the electrode-substrate boundary. Matrix notation P k T m represents the conversion of the Chebyshev expansion to a FEM polynomial interpolation P . The inverse of matrix K − ω 2 M Γ,kl in (9) should not be understood literally, but as representing the solution of a linear system. The mechanical contribution of the electrode then can be expressed in matrix form as:
The electrical boundary condition under the electrode at the origin is that the potential φ is constant and equal to V 0 . From this condition the vector C (m) φ is easily determined. The mechanical contribution in (8) can be eliminated by inserting (10) , and the resulting system solved for C (n) Q . The total electrical charge Q 0 under the electrode is computed by integration of the charge density. The result is [19] :
III. Approximation of FEM System Solution
As (9) indicates, the solution of the FEM/BEM problem summarized in the preceding section requires the solution of a linear problem of the form:
where y represents a certain number of right-hand side vectors, for instance, one for each retained Chebyshev polynomial. Significantly, these right-hand side vectors and the matrices K and M are independent of the frequency. The dimension of the square matrices K and M is the number of degrees of freedom. Considering the usual situation in which one is interested in computing the harmonic admittance over a given finite frequency bandwidth (e.g., in the vicinity of the stop-band), (12) has to be solved for every frequency point, which represents the main burden of the FEM/BEM method. However, observing the particular form of (12), it is seen that the only frequency dependence is explicitly in the aggregation of static matrices K and M . This property makes possible the analytic calculation of the Taylor expansion of the solution of the linear system, as we next show. Our purpose is to obtain an approximate but fast solution of (12) limited to some frequency bandwidth.
Using the notation λ = ω 2 , we consider the neighborhood of the solution u 0 of (12) obtained for λ 0 , i.e., the solution of:
Considering the small variation λ = λ 0 + dλ with associated solution of the linear system u = u 0 + du, (12) reads:
Note that this equation is obtained without approximation. Let us define the matrices A and B by:
The following series identity holds with a unit radius of convergence:
Injecting this identity in (14), we obtain:
When truncated, this formula yields an approximate solution of the linear system for angular frequencies close to ω 0 , which is a special form of the general AWE method.
Although A −1 appears explicitly in (17) , it is practically not advisable to compute the inverse of matrix A, because this matrix is not always well conditioned. However, we next show that only a factorization of this matrix is required. Because of the positive definite character of the FEM matrices in (13), a Cholesky factorization of matrix A can be performed. Alternatively, a Crout factorization also can be used. The first step is to solve (13) for the central angular frequency ω 0 , i.e., u 0 is obtained where Au 0 = y. This linear equation is easily solved using the 
The A −1 M u 0 term is in fact the solution of (13) with M u 0 used as the right-hand side instead of y, so that the first order approximation of the solution is readily obtained in practice. For the second order approximating term, the same procedure can be repeated, i.e., (13) must be solved with MBu 0 used as the right-hand side. Iteratively, the approximating solution can be obtained to any order.
A practical iterative algorithm is the following. The approximate solution is written:
u 0 is first obtained as the solution of Au 0 = y, then u 1 is obtained as the solution of Au 1 = M u 0 , u 2 is obtained as the solution of Au 2 = M u 1 , and so on.
IV. Results and Discussion
Fig . 2 shows a comparison between the frequencyaccelerated and nonaccelerated (exact) FEM/BEM computation of the harmonic admittance of a substrate of Y +128 lithium niobate. The harmonic admittance is plotted as a function of the frequency period product fp, for rectangular aluminum electrodes with h/(2p) = 0.1 and for a metalization ratio a/p = 0.5. A value fp = 2000 m/s has been chosen as the center for the frequency-accelerated FEM/BEM computation, and seven orders are used in the approximation of (20) . Seven Chebyshev polynomials for BEM, and 50 finite elements and Lagrange polynomials of degree 2 for FEM are used in both computations. For 1000 frequency points, a 67-fold acceleration factor of the computation time is obtained. It can be observed that the computation results are indistinguishable over a large bandwidth extending from fp = 1000 m/s to fp = 2500 m/s. Above fp = 2500 m/s, only the harmonic conductance differs. This gives the upper limit until which the frequencyaccelerated computation is accurate in this case.
The same computations as shown in Fig. 2 also were performed on various substrates, including Y + 42 lithium tantalate and Y + 36 − Z quartz, and for several values of the parameter h/(2p). The same features as described above were observed in all cases. The number of orders retained in the Taylor expansion of (20) was varied from 3 to 20 to verify whether the range of validity of the approximation could be extended. This range of validity was found to be only slightly dependent on the order of the approximation, and it could not be extended significantly over the seven orders approximation used for plotting The range of validity of the approximation of (20) is certainly limited to frequencies for which a Taylor expansion can be considered for the acoustic fields inside the electrodes. This is certainly not the case when some mode of the electrode is excited because a resonant behavior is then expected. Conversely, for all frequencies sufficiently far from a mechanical resonance inside the electrodes, or if the resonance is damped out by losses (for instance, due to radiation inside the substrate), the approximation is expected to be valid. This has been the situation with all piezoelectric cuts and waves considered during this work, and no resonances in the electrodes were observed. However, when considering a metal different from aluminum for the electrodes or fast surface acoustic waves (e.g., longitudinal leaky SAWs), care should be taken that the accelerated results are meaningful. Although this is not done in this work, it should be noted that AWE methods can take care of poles, i.e., resonances. This would complicate and probably slow down the method presented in this paper.
V. Conclusions
The FEM/BEM computation model applied to SAW devices requires the solution of a large FEM linear system for each frequency point. A Taylor expansion of the solution of this system has been proposed to obtain an approximate solution that is valid on a large frequency bandwidth. The Taylor expansion orders are easily and efficiently computed with a simple recursion formula. The approximation method belongs to the class of asymptotic evaluation waveform methods. The approximate solution has been shown to be very accurate, provided resonance modes of the electrodes are not excited, and it vastly reduces the computation time. The AWE models could possibly benefit other ultrasonics applications that are modeled in the spectral domain using FEM, as exemplified by [22] .
